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A co r r ec t  s o l u t i o n  is o f fe red  to  t h e  l ea s t - squa re s  p l a n e  
p r o b l e m  b y  S c h o m a k e r ,  Wase r ,  M a r s h  & B e r g m a n  (1959) 
(SWMB),  in  w h i c h  t h e  who le  c a l cu l a t i on  is ca r r i ed  t h r o u g h  
in c ry s t a l  l a t t i ce  coo rd ina t e s .  Th i s  m a y  cause  a m o r e  
s i m p l e  a n d  d i r ec t  m e t h o d  of so lu t ion ,  a t t a i n e d  b y  w o r k i n g  
in Ca r t e s i an  coo rd ina t e s ,  to  be  ove r looked .  I n  Ca r t e s i an  
c o o r d i n a t e s ,  as S W M B  m e n t i o n ,  g is t h e  u n i t  m a t r i x .  
T h e  secu la r  e q u a t i o n  I A - ~ g l  = 0  is t h e n  r ead i ly  so lved  
w i t h o u t  c a l cu l a t i on  of a n  a d j o i n t  m a t r i x .  I t  m a y  be  ex- 

p a n d e d  - 2 a + a ~2 + f l t  + ? = 0 ,  (1) 

w h e r e  
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H e r e  A q = X w x ~ x i - x ~ x j 2 : w  as in S W M B ,  b u t  in  
C a r t e s i a n  c o o r d i n a t e s * ;  i = 1, 2, 3; j a n d  ]c are  o b t a i n e d  
b y  cycl ic  p e r m u t a t i o n  of i. T h e  cub ic  e q u a t i o n  (1) is 
a ccu ra t e ,  b u t  t e d i o u s  to  so lve  d i r ec t ly .  S ince  for  a t o m s  
n e a r  a p l a n e  t h e  des i r ed  s o l u t i o n  for  A is smal l ,  a n  ap-  
p r o x i m a t i o n  to  A m a y  be  f o u n d  a n d  ref ined ,  for  e x a m p l e ,  
b y  t h e  N e w t o n i a n  m e t h o d .  F o r  p u c k e r e d  r ings  t h e  
a p p r o x i m a t e  so lu t ion ,  

A(1) = [ - fl - (f12 _ 4a?)½]/2a (2) 

is u s u a l l y  a c c u r a t e  to  a b o u t  1%,  whi le  for  ' good '  p l anes  
i t  n o r m a l l y  suff ices  to  ca l cu l a t e  

,~¢o) = - 7 / ~ .  (3) 

I n  e i t he r  case i t  is i m p o r t a n t  to  c h e c k  t h e  ef fec t  of 
n e g l e c t e d  t e r m s  of (1) a n d  to  re f ine  t h e  s o l u t i o n  if 
necessa ry .  

W h e n  A is k n o w n ,  va lues  of ~m~, w h e r e  /~ is a n  un-  
d e t e r m i n e d  m u l t i p l i e r ,  c a n  be  c a l c u l a t e d  f r o m  a n y  t w o  
of S W M B ' s  e q u a t i o n s  (7), t h e  t h i r d  be ing  used  as a check .  
O n e  choice  w o u l d  be  

I A ~ - 2  A 23] ] A l l - ~ t  A is 
# m l =  A1 ~ Ala ; /~m2= A12 A2 a ; 

I A ~  A ~ - 2  I ]urn 3 = A 2~ _ ]t A TM . 

Since  2:m~ = 1, t h e  mi  c an  n o w  be  ca l cu l a t ed .  
N o  m a t r i x  m a n i p u l a t i o n  is n e e d e d ;  t h e  ca l cu l a t i on  is 

s i m p l i f i ed ;  a n d  t h e  s o l u t i o n  re f ines  r a p i d l y  to  t h e  co r r ec t  
s o l u t i o n  for  A w i t h o u t  a spec ia l  ru le  be ing  needed .~  

* Schomaker,  Waser & Marsh, in a personal communicat ion,  
have remarked  t h a t  the  equat ion  t A - ~ g l  = 0  m a y  be wr i t ten  
[g-lA-- 1 AI = 0 where 1 represents the  uni t  matr ix .  In  this way 
an  expansion in the  form (1) m a y  be made  in any coordinate 
system. The mat r ix  g - lA is, in general, only symmetr ic  in 
the  case of an or thogonal  coordinate system, so t ha t  fur ther  
te rms would be required in the  coefficients a, fl, ?. Thus,  
Cartesian coordinates usually offer the  mos t  convenient  m e t h o d  
for the  practical solution of the  secular equation.  

This is obvious in the  practical  case of a reasonably 
planar  distr ibution.  I t  is, moreover,  t rue in general. Since A 

I n  Ca r t e s i an  c o o r d i n a t e s  t h e  m~ are  d i r e c t i o n  cosines  of 
t h e  p l a n e  n o r m a l ,  so t h a t  a n g u l a r  r e l a t i o n s h i p s  a re  
i m m e d i a t e l y  accessible .  T h e s e  a d v a n t a g e s  a re  a t t a i n e d  
a t  t h e  cos t  of t r a n s f o r m i n g  to  Car t e s i an  coo rd ina t e s .  

T a b l e  1. Numer ica l  example of least-square plane 

Uni t  weights. Da ta  in italics, results in bold-face. 
All lengths in •. 

A tom x 1 x 2 
1 0.1860 4.9741 
2 0.0697 6.1712 
3 0.0994 7.3637 
4 0.2618 7.3200 
5 0.3883 6.1238 
6 0,3302 4.9323 

Sum 1.3354 36.8851 

Mean 0.22257 6.14752 

A 0.080467 -- 0.199234 
- -  0.199234 5-708601 

0.651103 - 0.003002 

0.463638 
~ 1 1  -- 33.899871 

- -  33.436233 

x 3 D 

4.4804 0 . 0 0 3 0  

3.8151 0 . 0 0 3 4  

4.5212 - - 0 . 0 0 4 8  

5.9058 0 . 0 0 0 0  

6.6023 0.0062 
5.8446 --0-0079 

31.1694 0.0001 

5.19490 

0.651103 
--0.003002 

5.776348 

? 
2-653456 

+ 0.000779 
- 0.299293 
- 0.000001 
--2.420076 

0.004865 

2(0 ) = 1.46 × 10 -4 : corrections negligible. 

]zmi 3.7162 0.1295 -- 0.4188 
mi 0.9931 0-0346 -- 0.1119 
d - -  O.  1 4 7 6  

I n  Tab l e  1 are  r e p r o d u c e d  all t h e  s t eps  in t h e  c a l c u l a t i o n  
of t h e  m e a n  p l a n e  of t h e  b e n z e n e  r ing  of p h e n y l  cycle. 
b u t e n e d i o n e .  T h e  d a t a  are  t a k e n  f r o m  S W M B  a n d  
t r a n s f o r m e d  to  Ca r t e s i an  c o o r d i n a t e s  so t h a t  t h e  x 1 a n d  x 2 
axes  co inc ide  w i t h  t h e  c rys ta l  axes  x 1, x% 
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is a sum of squares, all solutions of (1) mus t  be positive, 
and since A is a symmetr ic  matr ix  all three solutions are real. 
The required solution is, of course, the  least of these. :If we 
th ink  of the  cubic funct ion (1) p lo t ted  as a funct ion of ~, 
i t  is clear t ha t  (2) represents a solution provided by a parabola  
which approximates  to the cubic at  small $. The form of (2) 
gives the  smaller of the  two (necessarily positive) solutions. 
? mus t  always be negative (since (3) is a solution obta ined 
from the  s t raight  line t angen t  to the  cubic at  ~. = 0), so t h a t  
(f l2--4a?) is always positive and a real solution to (2) exists. 
Since, a t  the  solution of (2), the  (negative) slope of the  cubic 
mus t  always be steeper than  tha t  of the  quadrat ic ,  ref inement  
by  the  Newtonian  m e t h o d  will always lead to the  smallest  
solution. 


